Math 303, Final Exam Review Solutions Fall 2008

1. Determine whether the vector field F = 22y7— 2427 is path independent.

curlF' = —y? — 2% # 0, so F is not path independent
2. Let F = 2227 — 3y7 and let C be the curve parameterized by 7(t) = tcosti + tsint],
0 <t < 2m. Compute fC F . dr. Computing directly:

F(7(t)) = 2(t cost)?7'— 3tsint]

7(t) = (cost — tsint)7+ (sint + ¢ cos t)k

2 2
/F-dF:/ F-rFt)ydt = / 2(tcost)?*(cost — tsint) + 3tsint(sint + tcost) dt
c 0 0
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3. Let C be the circle of radius 2 centered at (0,0,0), and let F = xy?+ xy). Use Green’s

Theorem to compute | o F - d7.
Let S be the disk of radius 2 centered at the origin. Then

/ﬁ-df — /cuﬂﬁdA
C S
= /y—a:dA
S

= 0

[This integral can be computed in either cartesian or polar coordinates. Or you can observe
that [,y dA = 0 because y is symmetric, and positive for half of the region and negative on
the other. [ —zdA =0 for the same reason.]

4. Let ﬁz?—l—yj’%—zlg. Let Sy be the surface of the cube 0 <2 <2, 0<y <2, 0<2<2.
Let Sy be the cylinder of radius 5 from z = 0 to z = 7 (not including the top and bottom).
Let S5 be the surface defined by z = 422 + zy? over the rectangle —2 <z <2, 0 <y < 5.

a. Compute fS1 F.dA
This can be done directly or using the Divergence Theorem. Let W be the solid cube
determined by 0 <z <2, 0 <y < 2,0 < 2z < 2. Using the Divergence Theorem:

/ﬁ-dﬁ:/divﬁdvz/mvzm
S1 w w

Alternatively, computing directly:

The flux across the x = 0 and the x = 2 surfaces cancel each other out, since the 7
component of F' is constant, and the surface is oriented outward. The flux across the y =0
surface is zero, since the ) component of F' is zero on this surface. On the surface y = 2, the
7 component of Fis 2, so the flux across the y = 2 surface is 8. Similarly, the flux across

the z = 0 and z = 2 surfaces are 0 and 8, respectively. .". / F-dA=8+8=16
S1

b. Compute fSQE-djéf



Use the formula:
. . 2 b .
/ F'dA:/ / F(R,0,z) - (cos0r+sin07) Rdzdo
So 0 a
ﬁ(R, 0,z) =7+ 5sinfy+ 2k, so the integrand is (cos 6 + 5sin? )5
s 7
/ ﬁ-dff:/ / 5cosf 4 25sin? 0 dz df = 1757
S5 o Jo

c. Compute fssﬁ'dﬁ
Use the formula

[ Fad= [ P, fa): (<5 7+ Bdedy
R
ﬁ(x, y, f(z,y)) =7+ yr+ (4% + a;yQ)/; and —f,i'— f,7+ k= —(8z + y?)7 — 2wyJ + k

so the integrand is —(8z + y?) — 2zy? + (42 + 2y?) = —8x — y? — 2wy? + 42® + xy?

5 p2
/F-dA:/ / —8x — y* — 2xy® + 42® + xy® dx dy = —60
S 0 J-2

5. F = 220+ 2y’ T+ yzQE, and let S be the surface of a sphere of radius 4 centered at

(0,0,0). Use the divergence theorem to compute / F-dA
S

divF = 222 + 2xy + 2yz
This can be integrated over the sphere in cartesian coordinates:

V16—z2 16— x2—y
/ / / 2xz+xy+yz)dzdydx =0
-4 J—/16—22 16 z2—

or using spherical coordinates:

s 27 4
/ / / 2(psin ¢ cos @) (p cos @)+2(psin ¢ cos 0)(psin ¢ sin §)+2(psin ¢ sin 0)(p cos @) dp db do
o Jo Jo

T 21 4
2/ / / p? sin ¢ cos ¢(sin § + cos ) + p? sin® ¢ cos @ sin O dp df) dg = 0
o Jo Jo

6. Let F be a vector field, defined at the point (x,y, z). State the definition of circﬁﬁ(x, Y, 2).
State the definition of curlF.

Let 77 be a vector. Let C' be a circle centered at the point (x,y, z) in the plane containing
perpendicular to 7. Then

o o Edr
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curlF is a vector field with the property that at any point (z,v, 2):
e The direction of the vector is the direction 7 that maximizes circz F(z,y, 2).

—

e The magnitude of the vector is this maximum value of circz F(x,y, 2).
7. Let F = e+ ye*y— ze”"l;, and let C' be the curve in the plane z = 2y parametrized by
x =cost,y=sint, z =2sint, 0 <t < 27. Use Stokes’ Theorem to compute / F - dr.

c
First, we can describe the surface, S whose boundary is C' by:

z =2y, with -1 <z <1, —V1—-22<y<+1-—22

Use the formula:

[ Fdi= [ By s (-7 fi+ Bdedy
S R

F(z,y, f(z,y)) = 2eT+ye?]—2ye’k  and  —fii— f,j+k=—-2]+F
so the integrand is —2ye? + 2ye®

. . 1 V1—z2
/ F-dA = / / —2ye*Y + 2ye” dy dr ~ —4.3288
5 —1J—v1=2?

8. Determine whether the vector field F' = 27+ xy)+ 2k is the gradient of some function f.
curlF = yk # 0, so F' is not the gradient of any function.

9. Determine whether the vector field F' = 27+ 2uz7+ 2k is the curl of some other vector
field.

div(F) =1+ 10, so F is not the curl of any vector field.

Extra Problems

—

1. Let S be the surface of the cone parametrized by 7(s, t) = 2s cos(t)7+2s sin(t)j+ (3 — 2 )k,

3s
2
0<s<2,0<t<2m oriented upward. Let ]3(95, y) =yr+ )+ zk. Compute /]3 - dA.

S
i oF  OF
/SF-dA_/C / F<r<s,t>>.(£x§> ds dt

F(7(s,t)) = 2ssinti+ 2scost]+ 2scostk

Use the formula:

or  or 3=
(—T X —T> = (2 cos(t)7'+ 2sin(t) 7+ —§k> X (—2ssin(t)v’+ 2s cos(t)7)
= 3scosti’+ 3ssinty+ sk
= or  or 5 . )
F(r(s,t))- | =— x — | = 12s"sintcost + 8s”cost

2 27
/ / 12s%sint cost + 8s? cost dt ds = [0]
o Jo



2. Let S be the surface parametrized by 7(s, t) = (s + )7+ (s — )7+ (s> — 262k, 0 < s < 2,

0 <t <1, oriented upward. Let F(z,y) = 27+ yJ+ yk. Compute /ﬁ - dA.
s

Lo d or o
/S // (7(s,1)) (85X8t) ds dt

— -

F(r(s,t)) = (s+t)i+(s—1t))+ (s —t)k
<g—jx %D = (7+j+l§) x(f—j—E)

F(7(s,t)) - (g—:x Z—D = 2s—t)—2(s—1t) =0

Use the formula:



